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The totally positive algebraic integers of certain number ﬁelds have been shown to
be the sums of four squares of integers from their respective ﬁelds. The case ofQð ﬃﬃﬃ5p Þ
was demonstrated by Go¨tzky and the cases of Qð ﬃﬃﬃ2p Þ and Qð ﬃﬃﬃ3p Þ were demonstrated
by Cohn. In the latter situation, only those integers with even coefﬁcient on the
radical term could possibly be represented by sums of squares. These results utilized
modular functions in order to get the exact number of representations. Here a
method of Grace is adapted to show the existence of a four-squares representation
for Qð ﬃﬃﬃ5p Þ without, however, obtaining the number of these. Also, results about the
representation of primes by sums of two squares are obtained for Qð ﬃﬃﬃ5p Þ: # 2002
Elsevier Science (USA)
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Two-squares and four-squares representation theorems for the rational
integers were asserted by Fermat in the 1600s and ﬁrst publicly proved by
the efforts of Euler and Lagrange in the 1700s. Fermat’s claim that all
positive rational integers were sums of three triangular numbers, four
squares, ﬁve pentagonal numbers, etc., was established by Cauchy in the
early 19th century. In 1928, Go¨tzky proved that all totally positive integers
in Qð ﬃﬃﬃ5p Þ were the sum of four squares of algebraic integers from that ﬁeld.
In particular, Go¨tzky showed that the number of such representations for
totally positive integral a 2 Qð ﬃﬃﬃ5p Þ is
8
X
ðnÞja
jNðnÞj  4
X
2jðnÞja
jNðnÞj þ 8
X
4jðnÞja
jNðnÞj; ð1:1Þ
where N stands for the ﬁeld norm and ðvÞ runs through the ideals dividing a:
About 1960, Cohn extended this work to show the existence of
representations by sums of squares for Qð ﬃﬃﬃ2p Þ and Qð ﬃﬃﬃ3p Þ: Further, it was417
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JESSE IRA DEUTSCH418shown that three squares are sufﬁcient in a number of cases. The theorems of
Go¨tzky and Cohn were demonstrated by means of the theory of modular
functions for two complex variables and related theta functions. While the
results of Go¨tzky and Cohn required knowledge of the fundamental regions
of the associated modular group and careful estimates of the values of the
theta functions, they were able to obtain exact values for the number of such
representations. See [1, 2, 5, 8] for further details.
An alternative demonstration showing the existence of the representation
of a rational integer as the sum of four squares used the convex body
theorem of Minkowski’s geometry of numbers (see [6]). Also the classical
two-squares theorem can be shown with very similar techniques. In this
paper, analogs of these theorems are proven using the convex body
technique for representation by sums of squares in the case of the quadratic
ﬁeld Qð ﬃﬃﬃ5p Þ: While the formula for the number of representations is not
recovered, the existence of such representations is demonstrated via a
technique alternate to the standard modular function and theta function
methods.
2. RATIONAL INTEGER CASE
Let us now review Minkowski’s convex body method as it pertains to the
classical case of representation by two and four rational integer squares. The
reference for this is Hardy and Wright [8], and Grace [6]. We start with
Minkowski’s theorem as stated in [10].
Theorem 1. Let L be an n-dimensional lattice in Rn and let E be a convex,
measurable, centrally symmetric subset of Rn such that
vol ðEÞ > 2n volðRn=LÞ: ð2:1Þ
Then E contains some nonzero point of L: If E is also compact, then the strict
inequality can be weakened to 5:
For two squares the key is the following theorem.
Theorem 2. Any rational prime p for which 1 is a quadratic residue has
a representation p ¼ x2 þ y2 where x; y 2 Z:
Proof. Following the notation of Hardy and Wright, let l satisfy
l2 	 1 ðmod pÞ and form the lattice in R2 with basis fð1; lÞ; ð0; pÞg: The
volume of this lattice is p: Consider a circle of radius r centered at the origin.
We need pr2 > 4p in order to have Minkowski’s theorem guarantee the
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r2 ¼ 1:28p: Let the nonzero lattice point inside the circle be mð1; lÞ þ nð0; pÞ
where m and n are integers. Then x ¼ m and y ¼ lm þ np:
x2 þ y2 	 m2 þ l2m2 	 m2ð1þ l2Þ 	 0 ðmod pÞ ð2:2Þ
while
0ox2 þ y2o1:3po2p: ð2:3Þ
Hence, x and y are integers that satisfy x2 þ y2 ¼ p: ]
With some additional elementary number theory, one may deduce
Fermat’s theorem that every prime of the form 4n þ 1 is the sum of two
squares (see [8]).
To demonstrate the classical four-squares theorem, the following lemma
is also needed.
Lemma 3. For any rational prime p; there exist rational integers x and y
such that x2 þ y2 þ 1 	 0 ðmod pÞ:
Proof. If 1 is a quadratic residue of p; then there exists an integer x
such that x2 þ 1 	 0 ðmod pÞ: In the other case, 1 is not a quadratic residue
modulo p: Consider the set fy2 þ 1g as y run through the integers. If this set
consists only of squares modulo p; then a square modulo p plus one is
always a square modulo p: By induction every positive integer is a square
modulo p: That is impossible, since only half the integers between 1 and
p  1 are. Thus there exists a y such that y2 þ 1 is not a square modulo p:
But 1 is not a square either for the p under consideration. Hence, y2  1
is a quadratic residue, so there exists an integer x such that
x2 ¼ y2  1 ðmod pÞ: ð2:4Þ
This proves the lemma. ]
Information about the volume of the ball of radius r in Rn is crucial for
the application of Minkowski’s convex body technique.
Lemma 4. Let BmðrÞ be the closed ball of radius r in Rm centered at the
origin. Its Euclidean volume is
volðB2nðrÞÞ ¼ p
n
n!
r2n; volðB2n1ðrÞÞ ¼ 2
npn1
1 3 5    ð2n  1Þ r
2n1
for n 2 Z: ]
JESSE IRA DEUTSCH420See Ref. [9]. The proof of the main result of this section by convex body
techniques now follows (see [6]).
Theorem 5. Every positive integer is the sum of four rational integer
squares.
Proof. From standard arguments, see [8], it is only necessary to prove
the theorem for rational integer primes. Given a prime p; choose integers a
and b such that a2 þ b2 þ 1 	 0 ðmod pÞ: Consider the space R4 with a
typical point ðx; y; z;wÞ: Let the lattice under consideration have as basis
fð1; 0; a; bÞ; ð0; 1; b;aÞ; ð0; 0; p; 0Þ; ð0; 0; 0; pÞg: ð2:5Þ
Hence, a typical element of the lattice has integer coordinates x; y; z; and w
that satisfy
z 	 ax þ by ðmod pÞ;
w 	 bx  ay ðmod pÞ: ð2:6Þ
This lattice has volume p2 from consideration of the absolute value of the
determinant of a matrix whose rows are a basis (see [10]). A ball of radius r
in R4 that contains a nonzero point of this lattice by Minkowski’s theorem
must satisfy
p2
2
r4516p2: ð2:7Þ
Any r such that r2 > 1:81p will do. Hence choosing r2 ¼ 1:9p we ﬁnd that a
nonzero point of the lattice exists inside the ball with equation
x2 þ y2 þ z2 þ w241:9p: ð2:8Þ
But for this choice of integer x; y; z and w we have
x2 þ y2 þ z2 þ w2
	 x2 þ y2 þ a2x2 þ 2abxy þ b2y2 þ b2x2  2abxy þ a2y2 ðmod pÞ
	 x2ð1þ b2 þ a2Þ þ y2ð1þ b2 þ a2Þ ðmod pÞ
	 0 ðmod pÞ: ð2:9Þ
Hence, x2 þ y2 þ z2 þ w2 must equal p: ]
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The analogous theorems for representation by sums of squares of
algebraic integers of a quadratic ﬁeld require the use of higher dimensional
cases of Minkowski’s theorem. Let Oð ﬃﬃﬃ5p Þ denote the ring of algebraic
integers ofQð ﬃﬃﬃ5p Þ; and let e be the fundamental unit 1þ ﬃﬃ5p
2
: Then Oð ﬃﬃﬃ5p Þ is the
ring Z½1; e: An overline is used to represent the conjugate of a number with
respect to the ring Qð ﬃﬃﬃ5p Þ: Since the sum of squares must be totally positive,
given an algebraic integer prime r; it is sufﬁcient to ﬁnd some unit, k; for
which kr is represented by an appropriate sum of squares. For the analog of
the two-squares theorem, we must consider a lattice in R4:
Theorem 6. A prime r of Oð ﬃﬃﬃ5p Þ for which 1 is a quadratic residue has a
representation kr ¼ x2 þ y2 where x; y 2 Oð ﬃﬃﬃ5p Þ and k is a unit.
Proof. Let the prime r lie under the prime p of Z: There are three
possibilities, namely, p can ramify, p can split, or p can remain inert.
If p ramiﬁes, then r must be
ﬃﬃﬃ
5
p
times a unit, but e
ﬃﬃﬃ
5
p ¼ 12 þ e2:
If p splits, then let l be an element of Oð ﬃﬃﬃ5p Þ such that l2 	 1 ðmod rÞ:
Then jr %rj ¼ p: We wish to have the following elements in the lattice under
consideration:
ða; %a; laþ mr; %l%aþ mrÞ; ð3:1Þ
where a and m run through all of Oð ﬃﬃﬃ5p Þ: The lattice with the following basis
elements has precisely the above four-tuples.
fð1; 1; l; %lÞ; ðe; %e; le; %l%eÞ; ð0; 0; r; %rÞ; ð0; 0; er; erÞg: ð3:2Þ
The size of this lattice is the absolute value of the determinant of a basis,
which is j5r %rj or 5p: A ball of radius r centered at the origin in R4 large
enough to contain a nonzero point of the lattice by recourse to Minkowski’s
theorem must satisfy
p2
2
r4524  5p ) r45160
p2
p ¼ p 16:211    ð3:3Þ
so r2 ¼ 4:1 ﬃﬃﬃpp sufﬁces. A nonzero point in the lattice which exists inside this
ball is of the form ða; %a; b; %bÞ with a and b elements of Oð ﬃﬃﬃ5p Þ: Further
a2 þ b2 	 0 ðmod rÞ ð3:4Þ
so we may write for some k 2 Oð ﬃﬃﬃ5p Þ
a2 þ b2 ¼ kr: ð3:5Þ
JESSE IRA DEUTSCH422Thus
a2 þ %a2 þ b2 þ %b2o4:1 ﬃﬃﬃpp ;
krþ kro4:1 ﬃﬃﬃpp : ð3:6Þ
Since kr must be totally positive we may use the Arithmetic Mean–
Geometric Mean inequality to conclude
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
krkr
p
4krþ kro4:1 ﬃﬃﬃpp ;
krkr4 ð2:05Þ2p;
jk %kj4 4: ð3:7Þ
Let k ¼ a þ be where a; b 2 Z: Then
k %k 	 a2 þ ab  b2 ðmod 5Þ
	  4a2  4ab  b2 ðmod 5Þ
	  ð2a þ bÞ2 ðmod 5Þ ð3:8Þ
but the only squares modulo 5 are 0;1 so the only negatives of squares are
again 0;1: Hence the norm of k; k %k; cannot equal 2;3: Certainly the
norm of k cannot equal zero. If the norm is 1 then k is a unit and we are
done. Suppose it is equal to 4: Since 2 remains prime in Oð ﬃﬃﬃ5p Þ; 2 must
divide one of k or %k: This implies 2 divides each of these factors. We may
write k ¼ 2m: Thus the norm of m is 1 and m is a unit. Therefore we have
a2 þ b2 ¼ kr ¼ 2mr: Note that
a2 þ b2 	 0 ðmod 2Þ
) ðaþ bÞ2 	 0 ðmod 2Þ
) aþ b 	 0 ðmod 2Þ ð3:9Þ
since, again, 2 is prime in Oð ﬃﬃﬃ5p Þ: Similarly a b 	 0 ðmod 2Þ: Thus
ða bÞ=2 are elements of Oð ﬃﬃﬃ5p Þ: To ﬁnish, we utilize a technique of Euler.
aþ b
2
 2
þ a b
2
 2
¼ a
2 þ b2
2
¼ mr; ð3:10Þ
This gives the necessary representation.
If p remains inert in Oð ﬃﬃﬃ5p Þ then there are two cases besides the trivial case
of 2. When p 	 1 ðmod 4Þ then the theorem follows easily from the
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there are some times when p is the sum of two squares in Qð ﬃﬃﬃ5p Þ; for
example e2 þ %e2 ¼ 3: Since p is assumed prime, the order of the ﬁeld
Oð ﬃﬃﬃ5p Þ=ðpÞ is p2 so it is reasonable that a square root of 1 will show up in
certain cases. If 1 is a square modulo p then so is 5 in the ring of integers
under consideration. Thus it makes sense to consider the problem of
representation of these p by the quadratic form x2 þ 5y2 over the rational
integers.
Let n satisfy n2 	 5 ðmod pÞ: We wish to show that n can be chosen as a
rational integer in Oð ﬃﬃﬃ5p Þ=ðpÞ: Since n2 	 5 ðmod pÞ then also %n2 	
5 ðmod pÞ and hence n2 	 %n2 ðmod pÞ: This implies ðnþ %nÞðn %nÞ 	
0 ðmod pÞ: Since p is assumed prime at least one of the above factors is
congruent to 0 mod p: If nþ %n 	 0 ðmod pÞ then writing n ¼ a þ be for some
rational integers a and b we have
a þ beþ a þ b%e 	 0 ðmod pÞ ð3:11Þ
which gives 2aþb 	 0 ðmod pÞ: Consequently, v 	 a þ be 	 b ﬃﬃﬃ5p =2 ðmod pÞ:
However n2 	 5 ðmod pÞ so
5 	 b
ﬃﬃﬃ
5
p
2
 2
ðmod pÞ
) 5 	 b2 5
4
ðmod pÞ
) 4 	 b2 ðmod pÞ ð3:12Þ
which implies that 1 is a quadratic residue of Z=pZ: This is a con-
tradiction as we have assumed that p 	 1 ðmod 4Þ: We may conclude
that n 	 %n ðmod pÞ: Thus b 	 0 ðmod pÞ and n 	 a ðmod pÞ; the desired
result.
Let l be the multiplicative inverse of n with respect to the ﬁeld Oð ﬃﬃﬃ5p Þ=ðpÞ:
Then l can also be chosen as a rational integer modulo p: Form the lattice in
R2 with basis fð1; lÞ; ð0; pÞg: The volume of this lattice is p: We must now
consider an ellipse of the form x2 þ 5y2 ¼ r2 centered at the origin. The area
of the ellipse is p times the product of the semiaxes or pr2=
ﬃﬃﬃ
5
p
: We need
pr2=
ﬃﬃﬃ
5
p
> 4p for Minkowski’s theorem to apply. This necessitates r2 >
4
ﬃﬃﬃ
5
p
p=p or r2 > 2:85p:
Fix r2 ¼ 2:9p: Let the nonzero lattice point inside the circle
be mð1; lÞ þ nð0; pÞ where m and n are integers. Then x ¼ m and
y ¼ lm þ np:
x2 þ 5y2 	 m2 þ 5l2m2 	 m2ð1þ 5ð5Þ1Þ 	 0 ðmod pÞ ð3:13Þ
JESSE IRA DEUTSCH424while
0ox2 þ 5y2o2:9po3p: ð3:14Þ
Thus for this choice of rational integral x and y we have x2 þ 5y2 equal to p
or 2p: If the ﬁrst, then we may write p ¼ x2 þ ðy ﬃﬃﬃ5p Þ2:
For the last case we have 2p ¼ x2 þ 5y2: Taking this modulo two we see
that 0 	 x þ y ðmod 2Þ: Let b ¼ y; then x ¼ 2a þ b for a; b rational integers.
Then
ða þ beÞ2 þ ða þ b%eÞ2 ¼ 2a2 þ 2abðeþ %eÞ þ b2ðe2 þ %e2Þ
¼ 2a2 þ 2ab þ 3b2
¼ 1
2
ð4a2 þ 4ab þ 6b2Þ
¼ 1
2
ðð2a þ bÞ2 þ 5b2Þ
¼ 1
2
ðx2 þ 5y2Þ
¼ 1
2
2p ¼ p: ð3:15Þ
In all cases, the prime (times an appropriate unit if necessary) is the sum of
two squares from the ring of algebraic integers Oð ﬃﬃﬃ5p Þ: ]
It should be remarked that given a ﬁxed kr in the theorem above, the
representation as a sum of squares is essentially unique up to changes in sign
and order of the x and y: The proof follows the rational case closely (see [3,
pp. 119–120]) except for the step where the argument has 1 equaling the sum
of two squares which immediately implies one of those squares is zero.
Suppose 1 ¼ n2 þ l2 in Oð ﬃﬃﬃ5p Þ: Write n ¼ a þ be and l ¼ c þ de where
a; b; c; d are rational integers. Then the rational part of n2 is a2 þ ab þ 3b2=2
so we obtain
1 ¼ a2 þ ab þ 3b
2
2
þ c2 þ cd þ 3d
2
2
¼ a þ b
2
 2
þ5b
2
4
þ c þ d
2
 2
þ5d
2
4
ð3:16Þ
which immediately gives b ¼ d ¼ 0: Thus one of a or c is zero, so one of n or
l must be zero.
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Whereas we needed to consider a lattice in R4 to prove the two-squares
theorem for the algebraic integers in Qð ﬃﬃﬃ5p Þ we must consider a lattice in R8
for the analogous four-squares theorem. It turns out that the eight-
dimensional sphere does not give good enough bounds under Minkowski’s
criteria, so another region must be considered. To compute a needed volume
the following lemma is useful.
Lemma 7. Let B4ðr1Þ be the closed ball of radius r1 centered at the origin
in R4: Let r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23 þ x24
q
be the distance from a point of R4 to the
origin. Let g be a continuous function of one variable and
Gðx1; x2; x3; x4Þ ¼ gðrÞ: ThenZ
B4ðr1Þ
G ¼ 2p2
Z r1
r¼0
gðrÞr3 dr: ð4:1Þ
Proof. The four-dimensional analog of spherical coordinates is appro-
priate to use (see [9, pp. 427–428]),
x1 ¼ r cosðy1Þ;
x2 ¼ r sinðy1Þ cosðy2Þ;
x3 ¼ r sinðy1Þ sinðy2Þ cosðy3Þ;
x4 ¼ r sinðy1Þ sinðy2Þ sinðy3Þ;
8>><
>>:
ð4:2Þ
with 0oy1; y2op; 0oy3o2p and r > 0: The Jacobian is r3sin2ðy1Þsinðy2Þ
(see [9, p. 428]). Thus
Z
B4ðr1Þ
G ¼
Z r1
r¼0
Z p
y1¼0
Z p
y2¼0
Z 2p
y3¼0
gðrÞr3 sin2ðy1Þ sinðy2Þ dr dy1 dy2 dy3
¼ 2p 2 p
2
Z r1
r¼0
gðrÞr3 dr ð4:3Þ
as the integrals with respect to the thetas are simple exercises. ]
Next, the particular region in R8 is described.
Lemma 8. The region C ¼ CðrÞ in R8 ¼ fðx1; x2; . . . ; x8Þ j 8i xi 2 Rg
defined by
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23 þ x24
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x25 þ x26 þ x27 þ x28
q
4r ð4:4Þ
is a centrally symmetric convex region with volume p
4
280
r8:
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convex, start with the triangle inequality in R4 between the points ð0; 0; 0; 0Þ;
ðw1;w2;w3;w4Þ and ðw1 þ z1;w2 þ z2;w3 þ z3;w4 þ z4Þ: We ﬁnd
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðw1 þ z1Þ2 þ ðw2 þ z2Þ2 þ ðw3 þ z3Þ2 þ ðw4 þ z4Þ2
q
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w21 þ w22 þ w23 þ w24
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z21 þ z22 þ z23 þ z24
q
: ð4:5Þ
Given two points in C we need only show the midpoint of the line between
these points is also in C: But if ðx1; . . . ; x8Þ and ðy1; . . . ; y8Þ are in C; then
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1 þ y1
2
 2
þ    þ x4 þ y4
2
 2r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x5 þ y5
2
 2
þ    þ x8 þ y8
2
 2r
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1
2
 2
þ    þ x4
2
 2r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y1
2
 2
þ    þ y4
2
 2r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x5
2
 2
þ    þ x8
2
 2r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y5
2
 2
þ    þ y8
2
 2r
41
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23 þ x24
q
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x25 þ x26 þ x27 þ x28
q
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y21 þ y22 þ y23 þ y24
q
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y25 þ y26 þ y27 þ y28
q
41
2
r þ 1
2
r ¼ r: ð4:6Þ
This demonstration of convexity is similar to an exercise in [10, p. 147].
To ﬁnd the volume, consider the problem with reference to the
coordinates
r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23 þ x24
q
; r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x25 þ x26 þ x27 þ x28
q
: ð4:7Þ
Then the region CðrÞ is deﬁned by r1 þ r24r: For each point at radial
distance r1 from the origin in the four dimensional space generated by the
ﬁrst four x-coordinates, there is a region of volume volðB4ðr  r1ÞÞ in CðrÞ:
Thus the volume of CðrÞ isZ
B4ðrÞ
volðB4ðr  r1ÞÞ ð4:8Þ
where we are integrating over a four dimensional ball of radius r in the space
generated by the ﬁrst four x-coordinates corresponding to r1: By the
previous lemma this volume equals
2p2
Z r
r1¼0
p2
2
ðr  r1Þ4r31 dr1 ¼
p4
280
r8: ] ð4:9Þ
GO¨TZKY’S FOUR-SQUARES THEOREM 427Theorem 9. For any prime r of Oð ﬃﬃﬃ5p Þ there exists a unit k and algebraic
integers x; y; z; w such that kr ¼ x2 þ y2 þ z2 þ w2 where k; x; y; z;w 2
Oð ﬃﬃﬃ5p Þ:
Proof. The demonstration breaks into cases as in the two-squares
theorem. Let the prime r lie under the prime p of Z: If p remains inert in
Oð ﬃﬃﬃ5p Þ; then the theorem follows trivially from the corresponding theorem
for the rational integers.
If p ramiﬁes, then rmust be
ﬃﬃﬃ
5
p
times a unit, and we have already shown a
representation as a sum of two squares.
Suppose p splits, then jr %rj ¼ p: By Lemma 3 there exist rational
integers a and b such that a2 þ b2 þ 1 	 0 ðmod pÞ: Hence a2 þ b2 þ 1 	
0 ðmod rÞ:
We wish to have the following elements in the lattice under con-
sideration:
ða; %a; b; %b; aaþ bbþ mr; a%aþ b %bþ mr; ba abþ nr; b%a a %bþ nrÞ; ð4:10Þ
where a; b; m and n run through all of Oð ﬃﬃﬃ5p Þ: The lattice with the following
basis elements has precisely the above eight-tuples:
ð1; 1; 0; 0; a; a; b; bÞ; ðe; %e; 0; 0; ae; a%e; be; b%eÞ;
ð0; 0; 1; 1; b; b;a;aÞ; ð0; 0; e; %e; be; b%e;ae;a%eÞ;
ð0; 0; 0; 0; r; %r; 0; 0Þ; ð0; 0; 0; 0; er; er; 0; 0Þ;
ð0; 0; 0; 0; 0; 0; r; %rÞ; ð0; 0; 0; 0; 0; 0; er; erÞ
8>><
>>:
9>>=
>>;
: ð4:11Þ
The size of this lattice is the absolute value of the determinant of a basis,
which is j25r2 %r2j or 25p2: Minkowski’s convex body theorem using CðrÞ in
R8 would require a parameter r such that
p4
280
r8528  25p2 ) r852
8  25 280
p4
p2 ð4:12Þ
so r ¼ 3:42p1=4 sufﬁces. In this case we use the ﬁrst, third, ﬁfth and seventh
coordinates as the four x-coordinates corresponding to r1 in the previous
lemma, and the remaining coordinates correspond to r2: This again gives us
algebraic integers such that
a2 þ b2 þ g2 þ d2 ¼ kr; ð4:13Þ
where g is the ﬁfth coordinate and d the seventh in the current set up. Also
ﬃﬃﬃﬃﬃ
kr
p þ
ﬃﬃﬃﬃﬃ
kr
p
43:42p1=4; ð4:14Þ
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2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
krkr
pq
4
ﬃﬃﬃﬃﬃ
kr
p þ
ﬃﬃﬃﬃﬃ
kr
p
o3:42p1=4
jkrkrj1=44 ð3:42=2Þp1=4
jk %kj4 8:55: ð4:15Þ
Since NðkÞ ¼ k %k cannot be congruent to 2 or 3 modulo 5, we are left with
the possibilities 1; 4; 5 and 6 for NðkÞ: However 2 and 3 remain
prime in Oð ﬃﬃﬃ5p Þ: If NðkÞ ¼ 6 then 3 would divide k and thus 9 would have
to divide k %k; a contradiction.
If NðkÞ were congruent to 4; then the prime 2 would divide k so k would
have to be 2 times a unit. Taking Eq. (4.13) modulo 2 we have the sum of
four squares congruent to 0 mod 2: If two of the variables are congruent
modulo 2 then we may use Euler’s technique again as in Eqs. (3.9) and
(3.10). For example, if a 	 b ðmod 2Þ then a2 þ b2 	 0 ðmod 2Þ so it follows
that g2 þ d2 	 0 ðmod 2Þ: Thus by the argument used in Eq. (3.9), ða bÞ=2
and ðg dÞ=2 are algebraic integers. Just like in (3.10)
aþ b
2
 2
þ a b
2
 2
þ gþ d
2
 2
þ g d
2
 2
¼ a
2 þ b2
2
þ g
2 þ d2
2
¼ k
2
r: ð4:16Þ
Thus r times a unit is a sum of four squares.
The other case is if the values of the four variables a; b; g and d are all
distinct modulo 2. In this case since 2 is prime and the order of the ﬁeld
Oð ﬃﬃﬃ5p Þ=ð2Þ is 4, we may take as a set of residue classes f0; 1; e; %eg: The four
values can therefore be written as 2n1 þ 0; 2n2 þ 1; 2n3 þ e and 2n4 þ %e where
all the n’s are algebraic integers. Taking the sum of four squares gives
4n21 þ ð4n22 þ 4n2 þ 1Þ þ ð4n23 þ 4n3eþ e2Þ þ ð4n24 þ 4n4%eþ %e2Þ
	 12 þ e2 þ %e2 ðmod 4Þ 	 0 ðmod 4Þ: ð4:17Þ
This means that two times a unit times a prime is a multiple of 4 in Oð ﬃﬃﬃ5p Þ:
Therefore the prime itself must equal 2 times a unit, and we know 2 is the
sum of four squares.
Finally the case of NðkÞ equaling 5 must be considered. In this case, k is
divisible by the prime
ﬃﬃﬃ
5
p
; so kmust equal
ﬃﬃﬃ
5
p
times a unit. Thus we have the
sum of four algebraic integer squares congruent to zero modulo the primeﬃﬃﬃ
5
p
: The ring Oð ﬃﬃﬃ5p Þ=ð ﬃﬃﬃ5p Þ is a ﬁeld of order ﬁve, and there is an
isomorphism between the residue class ring and Z=5Z as there is only one
GO¨TZKY’S FOUR-SQUARES THEOREM 429ﬁeld of any ﬁnite order up to isomorphism. The only squares in Z=5Z are
0; 1;1: To have the sum of four squares equal to zero means that all four
are zero, or the nonzero squares pair up with a 1 canceling each square
that is one. In any event, we may break the four squares into two pairs
where the sum of both squares in the pair is zero. Pulling back to
Oð ﬃﬃﬃ5p Þ=ð ﬃﬃﬃ5p Þ we have the four squares broken into two pairs each of whose
sums is congruent to 0 mod
ﬃﬃﬃ
5
p
: Another result of Euler is now invoked (see
[4, p. 46]):
Euler’s Lemma. Consider the problem of representations by sums of two
squares in a ring of algebraic integers which is a principal ideal domain (and
thus a unique factorization domain). If an algebraic integer which is a sum of
two squares is divisible by a prime which is a sum of two squares, then the
quotient is a sum of two squares.
We have shown that e
ﬃﬃﬃ
5
p
is a sum of two squares. Applying this lemma to
each of the pairs of squares we just constructed, we ﬁnd that ðk=ðe ﬃﬃﬃ5p ÞÞr is a
sum of four squares. Thus r times an appropriate unit is a sum of four
squares.
This completes the proof of the theorem. ]
Theorem 10. Any totally positive integer of Oð ﬃﬃﬃ5p Þ is the sum of four
squares of integers from that ring.
Proof. Since Oð ﬃﬃﬃ5p Þ is a principal ideal domain, and a unique
factorization domain, we may write an arbitrary totally positive integer a
as a product of primes
a ¼ r1r2    rm: ð4:18Þ
If r1 is totally positive, divide both sides by r1 to get a totally positive
integer on the left equal to a product of primes on the right. If r1 and its
conjugate are both less than zero, multiply r1 and r2 each by negative one to
force r1 to be totally positive and divide both sides by the new r1: If r1 is
positive and its conjugate is negative, then multiply r1 by e while multiplying
r2 by e
1; and dividing as before. If the signs of r1 and its conjugate are the
reverse use e as a factor.
In all events, we get a totally positive integer on the left equal to a product
of m  1 primes on the right. Proceed by induction until there is only one
prime remaining on the right. This prime must therefore be totally positive.
Thus we may write a as a product of totally positive primes.
Given any adjusted prime r in our factorization of a; by the previous
theorem we know there exists a unit k such that kr is the sum of four
JESSE IRA DEUTSCH430squares. Thus kr and r are both totally positive, so k must be a totally
positive unit. Since all units of Oð ﬃﬃﬃ5p Þ are of the form en and e > 0 while
%eo0; k must be of the form e2n: Dividing the representation of kr as the sum
of four squares by e2n we obtain a representation of r as the sum of four
squares of integers from Oð ﬃﬃﬃ5p Þ: Hence by the norm multiplication identity
for quaternions, a itself can be written as the sum of four squares. ]
5. OTHER QUADRATIC FIELDS
The convex body theorem is very dependent on the size of the lattices
involved. These lattices themselves have sizes dependent upon the
discriminant of the ring of integers of the underlying quadratic ﬁeld. With
ﬁelds of larger discriminants, use of the convex body theorem becomes
problematic and involved. Furthermore, it is not possible for all the totally
positive integers in quadratic ﬁelds like Qð ﬃﬃﬃ2p Þ or Qð ﬃﬃﬃ3p Þ to be representable
as sums of squares since the coefﬁcient of
ﬃﬃﬃ
2
p
or
ﬃﬃﬃ
3
p
must be even. It is
uncertain if the convex body theorem can be applied in these cases in as
straightforward a manner as in Qð ﬃﬃﬃ5p Þ:
6. COMPUTATIONS
Certain auxiliary calculations, especially the computation of the
determinants of lattices, were performed with PUNIMAX, a variant of
the MAXIMA computer algebra system. The computer involved had 32 Mb
of RAM, a Pentium 133 cpu and was running LINUX 2.0.35.
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